
JOURNAL OF AIRCRAFT

Vol. 39, No. 3, May–June 2002

Hybrid Inverse Airfoil Design Method for Complex
Three-Dimensional Lifting Surfaces

Ashok Gopalarathnam¤

North Carolina State University, Raleigh, North Carolina 27695
and

Michael S. Selig†

University of Illinois at Urbana—Champaign, Urbana, Illinois 61801

A method is presented for inverse design of airfoils for complex three-dimensional wings in incompressible � ow.
The method allows for prescription of inviscid velocity distributions over different cross sections of the wing in a
multipoint fashion. A hybrid approach is used to determine the shapes of the wing cross sections that satisfy the
design speci� cations. The airfoils forming the cross sections of the wing are generated using an inverse code for
isolated airfoil design. A three-dimensional panel method is then used to obtain the velocity distributions over the
resulting wing. The isolated airfoil velocity distributions are then used as design variables in a multidimensional
Newton iteration method to achieve the design speci� cations on the wing. The method is particularly useful for
complex geometries such as junctures, where three-dimensional and interference effects have to be accounted for
in the design process. A key feature of the design method is a scheme to avoid using the panel method for sensitivity
computations for the Newton iterations. This scheme not only results in signi� cant reductions in computation
time but also enables the integration of any readily available three-dimensional analysis code in executable form.
Examples are shown to demonstrate the usefulness of the method.

Nomenclature
Cl = airfoil lift coef� cient, chord D 1
c = airfoil/section chord
F = vector containing the residuals
J = Jacobian matrix
n = number of design variables
V = airfoil/section velocity nondimensionalizedby the

freestream velocity
v = desired value for the velocity difference over a segment
® = angle of attack, deg
1V = velocity difference over a segment normalized by the

freestream velocity
±x = vector containing the corrections to the design variables

Subscripts

i = index of design variable for the Newton iteration
r = property associated with the wing root
t = property associated with the wing tip
w = property associated with the wing
2D = property associated with an airfoil in isolation
3D = property associated with a cross section of a

three-dimensional lifting surface

Introduction

A HYBRID method has been developed for wing design. The
method uses an approach similar to the one developed by the
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authors for inversedesignof multielementairfoils1 in potential� ow,
which was subsequentlyextendedto handleviscous inversedesign.2

This multielement airfoil design method uses a novel hybrid ap-
proach by coupling an isolated airfoil design code3;4 (PROFOIL)
with a two-dimensional panel method. The inverse airfoil design
code is used to design the elements of the multielement airfoil in
isolation, and the panel method is then used to analyze the result-
ing multielement airfoil. An integral boundary-layermethod is then
used to obtain the boundary-layer developments on the individual
elements. By using a multidimensionalNewton iterationprocedure,
the design variables associated with the isolated airfoil design are
adjusted to achieve desired velocity and boundary-layer prescrip-
tions on the elements of the multi-element airfoil. A key feature of
the method is a scheme for rapid computation of the Newton itera-
tion sensitivitieswithout using the panel method. This scheme was
developed based on the observation of similarities1 in the changes
in velocitydistributionsfor an airfoil in isolationand as a part of the
multielement airfoil. The hybrid approach as well as the sensitiv-
ity computation scheme enable rapid, interactive design even with
several multipoint viscous prescriptions.2

Several experiences with successful applications of the isolated
airfoil design method5;6 and the more recent hybrid approach
for rapid, interactive multielement airfoil design7 have naturally
prompted the question of whether such an approach can be used for
designing complex three-dimensional wings. This paper presents
the extension of the hybrid approach to three-dimensional aero-
dynamic systems. More speci� cally, the current work describes a
potential-�ow method for designing the shapes of wing cross sec-
tions to achieve multipoint prescriptions in velocity distributions.
For this purpose the isolated airfoil design code3;4 (PROFOIL) is
used to generate the airfoils that form the cross sectionsof the three-
dimensional aerodynamicsystem, and a three-dimensionalanalysis
method(thepanelmethodPMARC/CMARC8;9 in this paper) is used
to analyze the resulting wing system. The variables associatedwith
the design of the airfoils in isolation are then adjusted to achieve
the prescriptionson the wing cross sections. The paper shows that,
as with the multielement airfoil design problem, there are similar-
ities in the velocity-distributionchanges for an airfoil in isolation
and as part of a complex three-dimensionalsystem. This similarity
is used to an advantage to avoid repeated panel method analyses
for the sensitivity computation via � nite differencing. Instead, the
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sensitivitiesare computeddirectlyduring the isolatedairfoil design,
saving computationaltime. In addition, this sensitivity computation
scheme enables easy integration of any three-dimensionalanalysis
method in executable form in the current design code.

It is illustrativeto compare the current approach to the design ap-
proachesused in existingthree-dimensionalinversedesignmethods.
In a broad sense inverse design methods for wings can be classi� ed
into two categories: 1) methods for spanwise design,10¡12 which
are frequently used to minimize induced drag or specify spanwise
properties such as circulation, lift coef� cient, or downwash varia-
tions (The design variables for these methods are usually spanwise
variations of chord, twist, or other such geometric properties.); and
2) methods for specifying desired chordwise velocity distributions
at several sections along the wing.

In the current work the emphasis is on methods for chordwise
inverse design to provide airfoil shapes that when used as cross
sections for the three-dimensionalwing will provide desired veloc-
ity distributions on the wing. It is intended that the current design
method be used in conjunction with a method for spanwise inverse
design. The spanwise variations of chord, twist, etc., are provided
as inputs to the current method, and they remain unaltered during
the inverse design.

The methods currently in existence for chordwise inverse design
typically use the following steps in the design process:

1) Start with initial shapes for the airfoils.
2) Obtain the velocitydistributionsover the wing using an appro-

priate analysis method.
3) Compare the velocity distributions from step 2 with the target

distributionsprescribed by the designer.
4) Use the difference in the velocity distributions to predict the

changes in airfoil shapes necessary to better match the prescribed
velocity distributions.

The methods typically loop through steps 2–4 until convergence
is achieved.

A relatively early example of a such a design method is that of
BristowandHawk.13;14 In theirmethoda panelmethodis � rst used to
analyze the baseline con� guration. To predict the effect of changes
in geometry (step 4), a matrix containing the partial derivatives of
the potential at each point with respect to each geometry parameter
is used to compute the new potential and subsequently the new
velocities. These derivatives of the potential are computed using a
� rst-order expansion to the panel-methodequations.A more recent
designmethodhas beenpublishedby Campbell and Smith15 in 1987
for transonicwings and later extendedin 1992 to wing-body-nacelle
con� gurations.16 In this method an algorithm that relates changes
in local velocity to changes in surface curvature is used in step 4
to compute the changes in airfoil shapes required to better match
the target velocity distribution.A transonic small-disturbancecode
that can handlecomplex three-dimensionalgeometriesis used as the
analysismodule.Other examplesare an inversemethod for transonic
wing design17 and the more recent method of Hassan and Charles18

for the design of airfoils for helicopter rotor blades.
The current method takes a slightlydifferent approach.Insteadof

specifyingvelocitydistributionsfor an entirewing cross section, the
airfoils that form the cross sectionare dividedinto several segments.
Over the segments selectedby the designer, the desiredvelocitydis-
tribution for the wing along with the design condition (wing angle
of attack) are prescribed. By using this approach, the dif� culties
that are sometimes associated with the speci� cation of the velocity
distribution for an entire cross section (such as the need to accu-
rately guess the stagnation-pointlocation) are avoided. In addition,
multipoint speci� cations are possible. That is, certain segments of
the wing can be designed for one angle of attack, while some other
segments can be designed for a different angle of attack. Such a
multipoint method avoids the tedium that is frequently associated
with designing at a single condition and determining the off-design
behavior via postdesign analysis.

The following sections provide a brief description of the current
design method and the novel approach to sensitivity computation.
It must be mentioned that the layout of the discussion in these two
sections are similar to the corresponding sections in the papers on

the multielementairfoil designmethod.1;2 They have, however,been
adapted and included here for completeness.Three example design
problems are then presented to demonstrate the method.

Design Methodology
As mentioned earlier, the current three-dimensional inverse de-

sign method IWING uses a hybridapproachby couplingthe isolated
inverse airfoil code PROFOIL3;4 with a three-dimensionalanalysis
method. In the current paper the panel code CMARC9 is used as
the three-dimensional analysis method. The following subsections
brie� y describe the relevant features of PROFOIL and CMARC. A
subsection on IWING then describes the coupling of the CMARC
code with PROFOIL for inverse design of wing cross sections.

PROFOIL

PROFOIL is an inverse airfoil design method3;4 based on con-
formal mapping. In the method the airfoil is divided into several
segments. The method allows speci� cation of a velocity difference
1V 2D (for the airfoil in isolation) over each segment along with a
design Cl for that segment. Figure 1 shows the de� nition of 1V
as used in this paper. In addition, it is also possible to specify a
nonlinear velocity distribution over the segment3;4 for the airfoil in
isolationby de� ning a � xed numberof nodes throughwhich a spline
is passed.

An important feature of the method is the multidimensional
Newton iteration scheme. The scheme allows the designer to se-
lectively give up control on some of the parameters used in confor-
mal mapping and in the isolated airfoil design in order to achieve
speci� ed values for other design speci� cations. For example, it is
possible to vary the values of the design angles of attack for all seg-
ments on the upper surface to achievea desiredmaximum thickness,
while varying the corresponding values for segments on the lower
surface to achieve a desired value of the maximum camber. Thus,
multipoint speci� cation can be handled. Also the velocity differ-
ence 1V over any segment or the velocity values at the nodes of a
segment with a nonlinear velocity speci� cation can be selected for
iteration in the Newton method. The power and � exibilityof this in-
verse design method has been used in several applicationsincluding
the design of high-lift airfoils5 for low-Reynolds-numbersapplica-
tions and the design of families of natural-laminar-�ow airfoils6 for
low-speed applications.

CMARC

CMARC9 is an enhanced,C-languageversionof the well-known
three-dimensional panel-code PMARC8 version 12, which was
developed at the NASA Ames Research Center. CMARC is a
low-order panel code for solving � ows around arbitrary three-
dimensional con� gurations in inviscid, incompressible � ows. The
surface of the three-dimensionalwing/body is divided into several
panels. Constant-strength source and doublet distributions are as-
sumed over each panel. Wakes are shed from the trailing edges of
wingsandare alsodiscretizedintopanelsthathaveconstant-strength
doublet distributions.The matrix solution is performed using a fast,

Fig. 1 De� nition of D V for a
segment as denoted by the seg-
ment endpoints.
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iterative solver19 that does not require the whole in� uence coef� -
cient matrix to be stored in memory.

Although CMARC has the capability for time stepping the wakes
to simulate wake roll up, an initial, rigid wake was used for all of
the examples in this paper, and no time stepping was done to keep
the time for each analysis as short as possible.

IWING

The following sequence of steps provide an overview of the ap-
proach used in the currentdesignmethod in couplingPROFOIL and
CMARC for achieving desired velocity distributionson wing cross
sections.

1) Generate the individual airfoils for the wing cross sections
using PROFOIL.

2) Scale and position the resulting airfoils according to the spec-
i� ed wing geometry.

3) Analyze the wing using CMARC, and obtain the inviscid ve-
locity distributions over the cross sections at the various operating
points. The section velocity distributions are obtained by neglect-
ing the spanwise components of the surface velocity normal to the
section.

4) Compare the inviscidvelocitydifference1V3D over the design
segmentson the wing with the correspondingspeci� cations. It is un-
likely,however,that these1V3D valueswillmatch the speci� cations.

5) Adjust the isolated airfoil velocity difference 1V2D for each
design segment using a Newton iteration scheme to achieve desired
values of the wing 1V3D over the correspondingsegments.

It must be mentioned that the isolated airfoil Cl at which the ve-
locity difference 1V2D is evaluated in step 5 is determined by the
requirement that the stagnationpoints on the isolated airfoil and on
the correspondingsection of the wing occur at the same geometric
location for the wing operating point under consideration. As de-
tailed in Ref. 20, this requirement is necessary, particularly when
considering segments close to the leading edges of the sections.

The design methodology for the inverse wing design approach is
� rst illustrated using a low-aspect-ratioplanar wing as an example.
It is emphasized that this wing and other wings in this paper merely
serve as examples and are not intended for any application.Figure 2
shows the planform of the low aspect ratio wing used for the � rst
example.This wing has an aspectratio of 2.67 and has zero dihedral.
Two operating conditions are considered.The � rst corresponds to a
wing angle of attack of 3.6 deg, and the second corresponds to an
angleof attackof 9.4deg.For this exampletwo cases are considered.
The � rst focuses on the segment r on the upper surface of the root
section at the � rst operating condition, and the second case focuses
on the segment t on the lower surface of a section at 95% semispan
(close to the tip) at the second operating condition. In each case the
isolated airfoil velocity difference 1V2D over the segment is varied
to study its effect on the velocity distributions over the two wing
cross sections under consideration,in particular the 1V3D over the
correspondingsegments.

Figures 3a–3e show the results of varying 1V2D for the segment
r on the upper surface of the wing root. Figure 3a shows the three
geometries and velocity distributionsfor the root airfoil in isolation
with 1V2D;r D ¡0:1, 0, and C0.1 and Cl D 0:9. Figure 3b shows
the geometry and velocity distributionfor the tip airfoil in isolation.

Fig. 2 Planform of the base-
line low-aspect-ratio planar
wing used to illustrate sensitiv-
ities.

Fig. 3 Case 1: Velocity distributions over the a) root airfoils and b) tip
airfoil in isolation,c)winggeometries, andvelocity distributionsover the
wing d) root sections and e) tip sections at the � rst operating condition.

Figure 3c shows the three resulting wings. As seen in the � gure,
the tip airfoil is left unchanged for this case. Figures 3d and 3e
show the three correspondingvelocity distributionsfor the root and
the tip sections of the wings at the � rst operating condition. The
similarity in trends in the velocitydistributionsfor the three isolated
root airfoils and the correspondingroot sections illustrates that the
isolatedairfoilvelocitydistributionis an effectivedesignvariablefor
the velocitydistributionover the correspondingsection on the wing.
In spite of the low aspect ratio of the example wing, it is seen that
changing the 1V2D for a segment results in a change in the 1V3D

for the corresponding segment on the wing, with little change in
the velocity distribution over other portions of the wing that have a
different airfoil.

Figures 4a–4e show the results of varying 1V2D;t for the seg-
ment on the lower surface of the tip airfoil, with the root airfoil left
unchanged. In this case the velocity distributions for the root and
tip sections (Figs. 4d and 4e) correspond to the second operating
condition. Again, the similarity in trends between the velocity dis-
tributions on the three isolated tip airfoils and on the corresponding
tip sections is clearly seen.

Figures 5a and 5b show the changes in 1V3D;r and 1V3D;t re-
sulting from perturbations to 1V2D;r , with 1V2D;t kept unchanged
at 0. Similarly, Figs. 5c and 5d show the changes in 1V3D;r and
1V3D;t resulting from perturbations to 1V2D;t , with 1V2D;r kept
unchanged at 0. Inspection of Figs. 5a–5d yields the following ob-
servations. First, perturbations to 1V2D for a particular segment
result in an almost equal change in 1V3D for the same segment,
that is,
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Fig. 4 Case 2: Velocity distributions over the a) root airfoil and b) tip
airfoils in isolation, c) wing geometries, and velocity distributions over
the wing d) root sections and e) tip sections at the second operating
condition.

@1V3D;r

@1V2D;r
D O.1/ (1)

@1V3D;t

@1V2D;t
D O.1/ (2)

where O(1) denotes “of the order of 1.” Second, the cross-coupling
effects, such as the change in 1V3D for a segment on one section
resulting from a perturbation to 1V2D for a segment on an other
airfoil, are comparatively small, that is,

@1V3D;r

@1V2D;t
¿ @1V3D;r

@1V2D;r

(3)

@1V3D;t

@1V2D;r
¿

@1V3D;t

@1V2D;t

(4)

These two cases show that even for a low-aspect-ratio wing the
isolatedairfoilvelocitydifference1V2D for a segment is an effective
design variable for the 1V3D for the correspondingsections on the
wing.

The second example presents the similarity in trends in the veloc-
ity distributionsfor a complex nonplanarwing. For this example the
nonplanar wing shown in Fig. 6 is used. In this example the 1V2D

on a segmenton the upper surface of the wing airfoil (airfoil B in the
� gure) at the wing-winglet juncture is varied to study its effect on

a)

b)

c)

d)

Fig. 5 Changes in D V3D;r and D V3D;t resulting from perturbations to
D V2D;r and D V2D;t.

a) Front view

b) plan view

Fig. 6 Nonplanar wing used to illustrate sensitivities.

the velocitydistributionat a section close to the juncture at an angle
of attack®w of 10 deg. As shown in the � gure, the juncturesection is
formed by � nding the contour resulting from the intersectionof the
tip section of the wing and the root section of the winglet. Because
of the juncturegeometry, the velocity distributionclose to the junc-
ture is signi� cantly different from the velocity distribution over the
regionsof the wing away from the juncture.This example,therefore,
demonstrates the need for an inverse method that can take into con-
sideration the complex three-dimensionaleffects of such junctures
while designing the shape of the juncture airfoils.

Figure 7a shows the isolated airfoil velocity distributions for air-
foil B with three values of 1V2D for the segment on the upper sur-
face. The corresponding three velocity distributions for the section
at the wing-winglet juncture are shown in Fig. 7b. A comparison
of the three velocity distributions for the airfoils in isolation and
for the sections at the juncture shows that the similarity in changes
in the velocity distributions observed earlier for the planar wing
example is also observed for this example with the more complex
juncture section. Figure 8 shows the changes in the 1V3D for per-
turbations to 1V2D for the segment under consideration. As seen
from the � gure, even for a segment close to a juncture, changes in
1V2D result in a linear and an almost equal change in 1V3D . This
example clearly demonstrates the foundations upon which the new
design method depends.

Thus, by using a multidimensional Newton iteration it is clearly
possible to control the 1V3D for several segments on the cross sec-
tions of a wing (each at a different operating point) simultaneously
using the values of 1V2D for the correspondingsegments as design
variables. Moreover, the direct and near linear connection between
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Fig. 7a Geometries and veloc-
ity distributions for the airfoil B.

Fig. 7b Velocity distributions
at the wing section close to the
juncture.

Fig. 8 Changes in D V3D resulting
from perturbations to D V2D for the
segment at the section close to the
juncture.

1V2D and1V3D is trueevenfor regionswhere the three-dimensional
effects are high, such as on low-aspect-ratiowings and in complex
juncture regions as shown by the two examples.

Sensitivity Computation
Typically, a system of n nonlinear equations can be solved by an

n-dimensional Newton iteration, where a matrix equation is solved
during each step of the iteration.This matrix equationcan be written
as21

J ¢ ±x D ¡F (5)

where F is an n-dimensional vector containing the residuals of the
functions fi to be zeroed, ±x is the n-dimensionalvector containing
the corrections required to the n design variables xi to bring the
vector F closer to zero, and J is the n £ n Jacobian of the system
containing the gradient information. For each step of the iteration,
F and J are determined, and ±x is computed using Eq. (5). The
corrections are then applied to the design variables to bring the
residuals closer to zero.

The most obvious scheme to compute the Jacobian J would have
been to use � nite differencing to evaluate the gradients numeri-
cally using the panel method. In this scheme, for an n-dimensional
Newton iteration the panel-method analysis would have to be per-
formed n times to determine the Jacobian just for a single step in
the iteration. The major shortcoming of this approach is that calcu-
lating the Jacobian by repeated panel-method analyses is computa-
tionally expensive,with the cost increasingwith increasingnumber
of design variablesand number of panels used for the panel-method
analysis.For instance, in the multielement airfoil design method1 it
was demonstratedthat for a design example with several multipoint
design prescriptions the CPU time was reduced by a factor of 32
from 16,586 s (4.6 h) to just 520 s (8.7 min) by an alternate scheme
that avoided using the panel method for computing the sensitivities.

This cost of repeatedpanel-methodanalysesfor sensitivitycalcu-
lations can perhaps be signi� cantly reducedby not recomputing the
in� uence coef� cient matrix (which determines the in� uence caused
by the doublet/source strength on a panel on the � ow conditions at
another panel) during the gradient evaluations. However, with sev-
eral legacy three-dimensionalpanel codes this approach may not be
possible. In any case a method that can bypass having to perform
severalpanel-methodevaluationsis likelyto be computationallyless
expensivethan the approachalreadydescribed.It is thereforeworth-
while searching for an alternative scheme to compute the Jacobian
without using the panel method.

As done in the multielementairfoil design method,1 the high cost
associated with obtaining gradient information through the panel
method can be bypassed by instead obtaining the approximate gra-
dient information using the isolated airfoil velocity difference over
the segments being considered. In other words, if yr is any design
variable associated with the design of the root airfoil, the gradient
is

@1V3D;r

@yr

D @1V3D;r

@1V2D;r

@1V2D;r

@yr

(6)

Based on the results shown in Figs. 5a–5d, if we take @1V3D;r =
@1V2D ;r ¼ 1 then Eq. (6) becomes

@1V3D;r

@yr
¼ @1V2D;r

@yr

(7)

and similarly

@1V3D;t

@yt
¼ @1V2D;t

@yt

(8)

These approximations to the gradients @1V2D;r =@yr and
@1V2D ;t=@yt can now be computed directly during the design of
the isolatedairfoil for the wing section under consideration,making
it unnecessary to use the panel method for gradient calculations.
Instead the gradient information is determined through the rapid
conformal mapping method used to generate the isolated airfoils.
The signi� cance of the time savings resulting from this alternate
approach to sensitivity computation can be understood by noting
that a single CMARC analysis can take anywhere from ¼10 s of
run time on a modern workstation for a simple geometry to a few
minutes for more complex geometries. In contrast, a single confor-
mal mapping calculationin PROFOIL takes just ¼0.04 s of run time
and is independent of the complexity of the paneled geometry. As
shown in Ref. 22 for two-dimensionaldesign problems, the present
method for computing the sensitivities is faster than computing the
sensitivitiesfrom a � rst-orderexpansionof the panel method as was
done by Bristow and Hawk.13;14 This faster sensitivity computa-
tion with the present method is primarily because there is no need
for additionalcomputationof the matrices containingthe � rst-order
expansion information with every full-panel-methodcomputation.

Of course, by not using the panel method for computing the
Jacobian the terms coupling the root and tip sections remain un-
computed. In other words, for a design variable associatedwith the
root section yr the gradient @1V3D;t=@yr can be computed only by
using the panel method. This gradient can be expressed as

@1V3D;t

@yr
D

@1V3D;t

@1V2D;r

@1V2D;r

@yr

(9)

Using Eqs. (3) and (4), however, we can make the approximation
that @1V3D;t=@yr ¼ 0 and likewise @1V3D;r =@yt ¼ 0. Thus, in the
presentmethod the Jacobian is computeddirectly during the design
of the isolated airfoils for the wing sections. The panel-method
evaluationis necessaryonly for computingthe residualsF, reducing
the numberof panel-methodanalysesfromn C 1 to 1 for eachstepof
the Newton iteration.This reduction in the numberof panel-method
evaluationsresults in signi� cant savings in computationaltime. It is
emphasized that although the approximate gradients are computed
without using the panel method the residuals for every step of the
Newton iteration are still computed using the full panel method. It
is for this reason that the current design method will work even for
cases when there is a strong cross-coupling effect between design
segments on different sections. Such strong cross-coupling effects
can occur on low-aspect-ratiowings and design sections that are in
the vicinity of wing-wing junctures.

In addition,by not relyingon repeatedpanel-methodruns to com-
pute sensitivities to small changes in design variables (and hence,
small changes in the resulting airfoil shapes) it is not necessary to
pass information between PROFOIL and the panel method with a
very high precision.As a result, thepanelmethoddoes not have to be
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integratedwith PROFOIL in subroutineform, but instead can be ex-
ecutedusinga systemcall. Informationto and from thepanelmethod
can then be passed by programming PROFOIL to write the input
� les needed by the panel method, then execute the panel method
using a system command, and � nally read the output of the panel
method to compute the 1V3D for the different design segments.
This simpli� cation in program integrationhas the important advan-
tage that an executable for a different three-dimensional analysis
method such as VSAERO can be easily substitutedfor the CMARC
executable used in the current implementation. The only effort re-
quired for such a substitution is that a routine for writing the input
� le and another for reading the output of the new analysis method
need to be coded. It is well known that modern three-dimensional
aerodynamicanalysis codes are quite complex and have been devel-
oped and re� ned after several thousand man hours of effort. Thus,
by being able to “plug in” a ready-to-run executable for such an
analysis code the signi� cant time and effort that would have other-
wise been spent in recoding and integrating the analysis code as a
subroutine are saved.

Demonstration
The current design approach is demonstrated using three exam-

ples. It is emphasized that none of these examples are intended for
any aircraft application; they were generated solely for the purpose
of demonstrating the method. The � rst example considersa nonpla-
nar wing at one wing angle of attack ®w and demonstrates how the
currentmethodcan be used to achievea desiredvelocitydistribution
over a segment in a complex juncture region. The second example
demonstrates the capability to achievedesiredvelocitydistributions
on a section of a highly swept wing at two different wing angles of
attack ®w . The third example further illustrates the multipoint ca-
pability by using a joined-wing con� guration and considering two
different segments each on a different wing and at a different ®w .

Figure 9 shows the geometry of the nonplanar wing used in the
� rst example.Also seen is the distributionof the panelsused for this
demonstration. It must be mentioned that the “dished” appearance
of the wing geometry near the juncture is a visual illusion resulting
from the variation in the spanwise coordinates of the panel corner
points. As seen in Fig. 10, airfoil A is used on the wing from the
root to the 80%-semispan location. From this location the airfoils
blendto airfoil B at the wing-wingletjuncture.AirfoilC is usedover
the entire winglet. The juncture is formed by � nding the contour of
intersection of the wing tip and the winglet root sections.

Fig. 9 Geometry of the nonplanar wing used for the � rst example.

Fig. 10 Front view of the geometry with airfoils labeled.

Fig. 11 Velocity distributions for two wing cross sections.

For the wing geometry used as the starting point for inverse de-
sign, airfoil B is taken to be identical to airfoil A. The wing is
analyzed at an ®w of 0 deg. Figure 11 shows the inviscid velocity
distributions for the wing sections at the root and at the juncture.
In examining the upper-surface velocity distribution for the root
section, it is seen that favorable velocity gradients exist to almost
0.7c. As expected, this velocity distribution for the root section is
nearly identical to the velocity distributionfor the airfoil A in isola-
tion (not shown in the � gure) at the section Cl . Although the same
airfoil is used at the juncture, the upper-surface velocity distribu-
tion is signi� cantly different from that for the root section. This
difference is a result of the effect of the winglet as well as the junc-
ture. A constant velocity (zero gradient) is now prescribed for an
upper-surfacesegment extending from 0.1c to 0.7c for the juncture
section. The velocity distribution on the correspondingsegment of
airfoil B is varied to achieve this prescription.More speci� cally, the
design variablesused for iterationare the spline supports that de� ne
the two-dimensional velocity distribution over the corresponding
segment on airfoil B.

Figure 12a compares the converged velocity distribution for the
wing section at the juncture with the prescription for the segment
along with the initial velocity distribution for the section. It can
be seen that the method has successfully satis� ed the desired ve-
locity prescription over the segment except for small deviations at
the beginning and the end of the segment. These deviations are a
result of the panel endpoints not coinciding with the endpoints of
the segments. By increasing the number of chordwise panels, these
deviations can be reduced. The signi� cant change in the geometry
of airfoil B as a result of satisfying the velocity prescription can
be seen in Fig. 12b. This solution took approximately 147 s of run
time on a 666 MHz Pentium III computer. Of this time 145 s were
spent in the seven CMARC runs required for the Newton iteration
to converge.

For the second example a 45-deg swept-back wing of aspect
ratio 3 is considered. Figure 13 shows the wing planform. The ge-
ometry for this wing is generated such that the airfoils are parallel
to the root and tip sections. As shown in Fig. 13, the design section
near themiddle of the wing half-spanis perpendicularto the trailing-
edge generator line of the wing. This design section is used for pre-
scription of the surface velocity distributions on the wing. For the
surface velocity distribution only the component of the surface ve-
locity along the section is considered;the “spanwise” componentof
the surface velocity perpendicularto the section is ignored.This ap-
proachhasalso beenused in Ref. 23 and resultsin a velocitydistribu-
tion that has a stagnationpoint; the location of this stagnation point
correspondsto the locationof the attachmentline on the sweptwing.

Two segments are considered on the upper surface of the design
section. The leading-edge segment is located between the section
leading edge and 0.1c. For this segment constant velocity is pre-
scribed at ®w of 12 deg. The midchord section is located between
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Fig. 12a Velocity distributions for the wing cross section close to
the juncture for the initial and converged cases compared with the
prescription.

Fig. 12b Initial and � nal shapes for airfoil B.

Fig. 13 Planform of the swept
wing.

0.1c and 0.7c. For this segment the design prescription calls for
constant velocity at ®w of 5 deg. Figure 14a shows the initial and
converged velocity distributions for the design sections at the two
angles of attack, along with the two design prescriptions.The initial
and � nal airfoil geometries are shown in Fig. 14b. It can be seen that
the method successfully achieves the prescriptions in the velocity,
demonstrating that the hybrid approach is applicable not only for
highly swept wings, but also for design segments that are located
close to the leading edge.

For the third example the joined-wing con� guration shown in
Fig. 15 is used. It must be mentioned that the front and the rear
wings are not joined in the model used in this study. By making this
simpli� cation in the model, the dif� culty associated with paneling
the joint is avoided.Because the objective of this work is to demon-
strate the design approach, modeling the joint is not essential for
the demonstration. Figure 16 shows the planview of the wing with
the airfoils labeled.Two velocityprescriptionsare made on two dif-
ferent segments: 1) a linear drop in velocity by 0.2 is prescribed
for the lower-surface segment extending from 0.1c to 0.5c of the
rear-wing section at the tip, and 2) constant velocity is prescribed
on the upper-surface segment extending from 0.1c to 0.7c of the
front-wing section at the tip. The design condition for the � rst pre-
scription is an ®w of 0 deg, and the design variables for the Newton

Fig. 14a Initial and converged velocity distributionsfor the design sec-
tion along with the prescriptions.

Fig. 14b Initial and converged geometries for the airfoil.

Fig. 15 Geometry of the joined wing used for the second example.

Fig. 16 Planview of the wing geometry with the airfoils labeled.

iteration are the spline supports that de� ne the isolated-airfoil ve-
locity distributionover the correspondingsegment of airfoil D. For
the second condition the design condition is an ®w of 5 deg with
the design variablesbeing the spline supports for the corresponding
segment of airfoil B . It is emphasized that these prescriptionsare to
be satis� ed simultaneously.

In solving design problems with multipoint prescriptionssuch as
in the current example, it is often bene� cial to perform the Newton
iteration in stages. In the current example, for instance, the front-
wing section is left unaltered in the � rst stage, and the rear-wing
section is designed to satisfy the velocity prescriptions. With this
new shape for the rear-wing section, the Newton iterations for the
front-wing section are performed in the second stage. In the � nal
stage the entire multipoint problem is solved by designing for the
� nal shapes for both the sections simultaneously.All of these stages
in the iteration are performed automatically in IWING.

Figure 17a compares the initial and converged velocity distri-
butions for the segment on the rear-wing tip with the prescription
for an ®w of 0 deg. It is seen that the method has been successful
in satisfying the prescription even though the converged velocity
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Fig. 17a Velocity distributions for the rear-wing cross section at the
tip for the initial and converged cases compared with the prescription.

Fig. 17b Initial and � nal shapes for airfoil D.

Fig. 18a Velocity distributions for the front-wing cross section at the
tip for the initial and converged cases compared with the prescription.

Fig. 18b Initial and � nal shapes for airfoil B.

distribution is signi� cantly different from the initial distribution.
Figure 17b shows the change in the shape of airfoil D as a result
of satisfying the design prescription. The comparison of the initial
and converged velocities for the segment on the upper surface of
the front-wing tip with the design prescription at an ®w of 5 deg is
shown in Fig. 18a. Again it is seen that the method has been suc-
cessful in satisfying the prescription. The change in the geometry
for this case is shown in Fig. 18b. This solution took about 91 s
of run time on a 666 MHz Pentium III computer, of which about
89 s were spent on the 14 CMARC runs necessaryfor convergence.
A total of 156 PROFOIL runs were made to compute the approx-
imate sensitivities for this example. Had CMARC runs been used
for this task instead of PROFOIL, it is likely that the run time for
this example would have been increased by about 990 s or by about
11 times. This comparison illustrates the savings in time resulting
from the approximate sensitivity computation scheme used in the
current design method.

Conclusions
A hybrid approach that has proven successful in multielement in-

verse airfoil design has been extended to the inverse design of com-
plex three-dimensionalaerodynamicsystems.More speci� cally, the
design method described in the paper allows the design of airfoils
for wing cross sections that achieve desired velocity distributions
over speci� ed segments at the corresponding design wing angles
of attack. The airfoils for the wing cross sections are designed in
isolation using an isolated-airfoil inverse method. The wing is then
analyzed at the speci� ed angles of attack using a three-dimensional
panelmethod.The variablesassociatedwith thedesignof the airfoils
in isolation are adjusted using a multidimensionalNewton iteration
scheme to achieve the speci� ed velocity distributions on the wing.
The formulation allows for design speci� cations on several seg-
ments of the wing, each at a different wing angle of attack, to be
achieved simultaneously.

The paper shows that, as might be expected, there are similarities
in changes in the velocitydistributionsfor an airfoil in isolationand
for the same airfoil when used as a part of a more complex aero-
dynamic system. Earlier work established this similarity for two-
dimensional multielement airfoils. The current work demonstrates
that the similarity is present even for three-dimensional systems.
The currentdesign approachmakes use of this similarity in comput-
ing the sensitivities rapidly using the isolated airfoil design method
rather than through repeated panel-method computations. In con-
trast with earlier wing inverse design approaches, there is no need
for the computation of a � rst-order expansion to the panel-method
equations. In addition, as the paper describes, this sensitivity com-
putation scheme allows for easy integrationof any analysis code in
executable form for use in the current hybrid design approach.

Three examples are presented to demonstrate the design method.
As shown in the paper, the method can handle design speci� cations
on highly swept wings and even in complex juncture regions,where
the velocity distributionsfor a section can be signi� cantly different
from those for the correspondingairfoil in isolation. In other words,
the method is capable of designing wing sections in regions where
there are strong three-dimensional effects. This capability in com-
bination with the multipoint design capability makes the method
a valuable tool for an airfoil/wing designer. The present potential
� ow design method can be particularly useful for rapid, interactive
design of candidate wing shapes prior to postdesign analyses using
computationally intensive viscous codes.
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